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ON POSITION CONTROL IN DISTRIBUTED-PARAMETER SYSTEMS *

A, I. KOROTKII and Iu. S, OSIPOV

Position control problems under conditions of indeterminacy or conflict are stud-
ied for certain classes of parabolic and hyperbolic systems. The problems are
treated as differential games in suitable functional spaces/l1—4/. Necessary and
sufficient conditions for the solvability of the problems and a method for construct-
ing the desired controls are indicated. Essential use was made of representation
of the system's motion as a Fourier series when solving similar problems in /5—7/.
In solving the problems being examined below arguments not relying on such a
representation are used. This permits the consideration of certain new classes of
distributed - parameter systems (in particular, those nonstationary and nonlinear

in the phase variable) for which an analog of the well-known alternative proves
valid and for which the controls solving the problem can be constructed as extremal
strategies /1—4/. The article borders on the studies in /8~12/.

1. We consider a controlled system whose state at each instant ¢ from a prescribed in-
terval {t, #] is characterized by a scalar function y(f, -)=y (¢, ) defined in a domain €
of space R", n >>1, with boundary TI'. The system is subject to the control u = u (f, ) and
the noise p = p (4, z) with constraints u (¢, -) & P (t) and v (t, -) & G (t), where p (t) and G (?)
are certain collections of vector-valued functions defined on € . The system's dynamics are
described by the relations

a dy . (1.1)
yz=ﬁ(ai:‘(tvx)a‘f) + Ft 2y, u0) A0 Q= (to, ) x Q
J k3
ol%+gz(t,x)y=o inT=(t,NHxT (1.2)
¥ (L, 7) = yoinQ (1.3
Under the constraints specified on the resources of u and v we are asked to find a method
for forming the control u (v) by the feedback principle ul#f = u(t, z, ylt, Hltl =v(,
y lt, -1)), ensuring (excluding) the transition of system (1.1)— (1.3) into a specified state

set under any admissible realizations of control v (u), the prescribed phase contraints being
observed during the transition.

Let us specify the problem statement. We take it that the sets Q. I, P®),G@® and the
functions 4;; satisfy the constraints indicated in /6/, the coercivity condition is fulfilled
uniformly in ¢, and that 0e;;/dt = L, (Q). We assume as well that function [ is measurable
in (¢, ) on (%, 8) X Q and is continuous in (y, ¥, ¥) on R X R™ xX R™, that for every choice
of u&E P (4,9 and ve&G(t,9) the function f (4 z, y, u, v) satisfies a Lipschitz condition
in ¥ for almost all (t, z), and that f(t, x, 0,u,v) L, (Q) and [I[f({t 2, 0, u, v)|Le) < C
(the Lipschitz constant and € are independent of the choice of u and v). We assume further
that ¢y is either 0 or 1 and that function o0, =1 wheng =0; 00,/ & Lo, (Z), 6, > 0; y, = O,
where @ is Wi, (Q) when o, =0 and is W,' (Q) when oy ==1. Here P (t, t,) (G (t1, 5)) is the
set of all functions t¢-— P () (G (!)) measurable on [t1, &1 & (¢, ®) . According to the theorem
on the measurable selection these sets are nonempty /13/. Measurability and integrability is
everywhere understood in the Lebesgue sense; derivatives are understood in the generalized
sense (see /14— 16/, for instance).

A rule U that associates some nonempty subset U ({1, t,, y) & P (t, t,) with every triple
{thtyyh o< << 6,9, y= L, (Q), is called a strategy. Let A be a Finite partitioning of
lt4, 01 by points f, =1,<C...<CTp =0, dA =max; (1a — 7). A motion 'y [tls = y [t to, yo, Ula,
to Lt {0, of system (1.1)— (1.3) from position {lo, Yo}, corresponding to strategy 7 and
partitioning A, is the name given to every function y [t]ly from W;,D (Q) when 01 =0 and from
W' (@) when o =1, equalling Y, when ¢ =1, and satisfying the identity

+ ( dy [t dy [t d
S( /altlA N oa Jai.]A :T'lj)dzdt+01€02y[thndl‘dt =Sf(t,1,y[t]A,u {t],v[t]) ndzxde
i § 5
for every function "M of the same class as yli,; ul-1= U (v, 1541, y [v;]a) and vl-1 €6 (15, 1341)
on each interval [1;, 1;41) . It can be shown that the set of motions introduced is nonempty
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/14~16/ and that the function ylil, is continuous with respect to fe&=[fy, #1 in the weak
topology of @.

By ¥ (% to, Yo, u, v) we denote the program motion corresponding to the initial position
{to, y,} and to the functions u &SP (L, #) and Ve G (4, ¥). The strategy V and the motions
corresponding to parameter v are defined analogously. Let M and N be sets from lf, %] x @.
The original control problems can now be stated as follows /6/.

Problem 1.1. Construct a strategy I with the property: for any number &>0 a
number & >0 can be found such that the contact condition
P (tusy l4]a}, M) = inf (s — 1P H iy e da— a2 <e, o ({n y lah M) <6, o<t <ty

is fulfilled at some instant fy = ¢ ({y[-14) & lt, 8] for each motion yltly =y lt; 4y, yo, Ul, with
A< S,

Problem 1.2. Construct a strategy V with the property: numbers £~ 0 and &= 0
existsuch that the contact condition is not fulfilled for each motion yltly = yl& te, ¥, Via
with dA 6.

We indicate solvability conditions for the problems and a method for constructing the
strategies desired.

Condition 1.1. If the sequences {u;} and {}} converge weakly to u and v in L, ({te, 8];
Ly (Q)) and Ly (2, 8); L™, (Q)), respectively, then from {y (& fo, Yo, Ui vy}} we can pick out a
subsequence converging to y (4 ty, y,, u, v) in C (&, 01; L, (Q))

Condition 1.2. The following condition is fulfilled (see. /3/):

i

min maxS(zft:ryuv di== max min \ <z, f{t,z,y, u,v)>,dt
Pty 1) G(h, 1) §, ( 1 PDL Glh, 1) P{t, 1) §, 5 & 2y w ),

for any tpand b, b << h <<t <Y zand y from L, (Q).

Let K be some set from [f, ¥} x &. By the symbol U° we denote a strategy (and we say
that is is extremal to K) of the following kind. If the section K (i) = (3, then U®(t, 1, y)
is an arbitrary subset from P (i, ). If K (4)s=(J, then U(h, &, y) = {u?}, where v’ is a
function with the property: sequences {u}C P (4, 1) and {y) < K (4) exist such that hm Hy
— Yrll. = inf {|| ¥ - zllL, |z K ()}, ux—u® weakly 1n L, (Ity, 8,1, L™y (2)), and

max S<§—~yk,:‘(f, T, Y U, VL, dE = min max S<y~yk,f(t Ty Yus Uy VD1, 02
Gt b P(ts, 1) G(ts, 1) §,

Strategy V° is defined analogously. By the symbol V, we denote a strategy V that is upper-
semicontinuous with respect to variation of y in the metric of L, {Q).Let W = W (M, N} be
the set of all pairs {¢, y} from lf, 8] X @, from which, as from the initial pairs, Problem
1.2 is unsolvable in the class of strategies V.

Theorem 1.1. When conditions 1.1 and 1.2 are fulfilled either Problem 1.1 or Problem
1.2is solvable from every initial position {f,, ¥,}. Problem 1.1 (1.2) is solvable if and

only if {f, yo} E W ({t, yo} & W)

2. Let us consider a controlled system whose state at each instant ! of the interval
lt,, 8] is characterized by a scalar function ¥ (¢, -) ==y (f, ) defined in Q@ and by the rate
i {t, ) = 8y {§, z)/ 9t of variation of this funct,lon The system is subject to acontrol v = u {f)
and a noise v =y (f) with constraints u (t) & Pand v (f) =@, where P and ¢ are convex compacta
in B™ and R™; respectively. The system's dynamics are described by the relations

-8 9y . (2.1)
v =7~ (01 0) 53} + 18,2 42 B pr ) 0Q
512 oy =0 in X (2.2)
(01 J‘) == Yoo l/t 01 fl‘) = Y3 ln’Q (2'3)
w =g (t, w, u, ), w(ly) = w, (2.4)

Under the constraints prescribed on the resources of u and V we are asked to find a method
for forming the force u {¥) by the feedback principle
wltl =uwit, yle, L pelts D @l =v@ gl ], g lt, 210

ensuring (excluding) the transition of the system's state into a specified set, the prescribed
phase constraints being observed during the transition.

Let us specify the problem statement. We take it that the following conditions are
fulfilled: the 4;; satisfy the constraints from /6/; ¢yand 0, are constants, Oi0; = 0, g =
C (Its, 8] x B™ x P X G) and locally satisfies a Lipschitz condition in w (see /3/); for every
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choice of measurable functions # =1u{-} and v = v (-) with constraints u¢{) &SP and v{HHEEG
and for almost all !&l4, #] (the sets of all such functions are denocted P (4, ) and G (4, )
respectively) the absolutely continuous solutions ¥ @ of system (2.4) are continuable onto
[ts, ] and are uniformly bounded in C (I, #; R, ¥ & D, y1 € L, (Q). We assume that func-
tion f({t, %, ¥, p, ¢, w) is continuous in all variables on &, 81 X @ x B x R"xR x R™has con~-
tinuous derivatives &f/8t, of/dy, 9f/dpy, of [ dq. Of /0wy, {f(, 20,0, 0 w) < ip @) & Ly ()
when (1, x, w) &, 91 X @ x D, D is a bounded set in R™, and T

Vof/ay, of1dpy, of10g| <Ly |3f/0t, of ldwe | <ex+ e |y |+ callPlign sl
WIIELE LJ drlu L1y ¢ o oy Ly are GLLJhUJ.ULC COIL L—Gulbbn

For chosen yq, yi, o, z and v, by a sclution of (2.1)—(2.3) we mean a function y [ =
y lt, x5 1y, Yo Y1, Wy u, v} from W2H(Q) [N Wie (Q) when gy =0 and from W' (Q) when o, =0,
satisfying (2.3} and the integral identity

(@it + iy e dedt= (762,910, y e y B w () ndzdt (2.5)
2 a

for every function % of the same class as ylt;w(t] is a solution of (2.4). The set of
solutions introduced is nonempty /14— 16/, and

ylle Oy, 8 @), vl e, 8 L (@)
Let H be the space @ X L, (Q) x RB" with norm || {y, ¥, w}il = @y ile® + |l ge it + i wi[Rn)"}

A rule {7 that associates some ngnnmnf‘v subset T e p with every DB.!.I If h\ i<
Satees inndadgid \by 7o) = O L 0 TRy

t<<9, hecH, is called a strategy. A function

2ty = 2185 5 Rg Ulp = {yitha, y s}, fo<<EC B
where y [t]a satisfies (2.5), is called a motion of the system from the position {{,, A}, kb, =
{yo, 11, w,}, corresponding to strategy U and to partitioning A; and on v, Tiu)
u[.!: 77(7 fv[‘r] wit.l.Y) 17[ ]Cf'/fn H

UL iy W urisAy WOAYIIARy ¥ o~y
Strategy V and the motion correspondlng to parameter v are defined analogously. Suppose
that sets M and N are specified in {f, 8] X @ X L, (Q). The original problems can be form-
alized in the following manner.
Problem 2.1. Construct a strategy U with the property; for any £>0 a number
8 >0 can be found such that the contact condition

Pt ltulah, M) =inf ([t —¢F 4 [ [ta) =y o™+ [ [ta s — e 1200 ey o (T 2ltla), M) <o b ST
is fulfilled at some instant t, = t(z{-]1a) &= {t,, 8] for each motion zlila = zlt; ts, ke, Ula with
dA < 6.

Problem 2.2. Construct a strategy V wi
can be found such that the contact condition is n

Vs with dA < 8.
We state the main results.

Condition 2.1, If P, ®)Sur—>ucSP(f, 8) weakly in L, (It,, 8 B™) and G {f, ) =

v >V & G, 8)  weakly in L, (Ito, #f; BR™) . then {al8; &, he, wr. i), w6 t, oy ug, vy} — {218
Ry, u, vl, wlt; fo, ko, w, w1} In C (l4, 8); H).

th the property: numbers €>0 and &§>0
ot fulfi

1led for each motion z [t]l, = z It ¢t &
LEIA LTy Gy fegy

t

fo

Condition 2.2. The saddle point condition
I G 10001 A D 610,00

is fulfilled for any : =14, # and for s and w from R™,
Let K be some set from ({f, 9] X H. By the symbol ¢ we denote a strategy (and we say

PR PO, I A F sl ot o A — A Ao nen TTE £4 3
that it is extremal to L) Or tne LULJ.UWJ.]L\J kind. If the section 4 (f) = P, ¢ wENR U, n.] i1s

an arbitrary subset from P, If K (@) 5 (4, then U’(f, k) = {4} P, where u’ possesses
the property: sequences {u;} - P and {I} C K () exist such that

hm Mo — bty g = H?(fm Bh-—qllg, ux—uinR™, max (W —wy, g (f, 0, uy, v)dpm == minmax (W —wy, g (8, W, 4, Vopm
e G P G

Strategy V* is defined analogously. Let W = W (M, N) be the set of all pairs {¢, A} £rom

{to, O] X #, £from which, as from the initial pairs, Prxoblem 2.2 is unsolvable in the class of

strategies Vo, where Vy is a strategy V upper-semicontinuous with respect to the variation
of B in the metric of H.

Theorem 2.1. when Conditions 2.1 and 2.2 are fulfilled either Problem 2.1 or Problem
2.2 is solvable from every initial position {fo, hs} . Problem 2.1 (2.2) is solvable if and
only if {to, he} & W ({to, o} & W).

3. Games on the minimax-maximin of a functional @ (¥ [%]) (oxr of Functionals reducing
to such; see Chapter 4 in /3/) continuous in the system's phase space, as an example, can be
reduced to the differential games we have considered. In this connection an alternative
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statement analogous to /3/ holds, and the optimal minimax and maximin strategies can be con-
structed as strategies extremal to certain stable bridges /3/.

In conclusion we indicate the possibility of approximating the problems considered by
certain finite-dimensional systems. An approximation based on the Galerkin method, on the
method of lines (i.e., the discretization is implemented only along the one variable x ),
or on the difference method with a scheme analogous to that in /11/ is possible for the
problems from Sect.l. An approximation based on the Galerkin method or on the method of
lines is possible for the problems from Sect.2. Approximation theorems analogous to those
in /11/ hold; their sense is as follows: with any preassigned accuracy & >0 we can find
the appropriate approximation and a control method for the original system (projected from
the strategy solving the corresponding problem for the given approximation), which lead to
the solving of the original problem with accuracy s.

Notes. lo. Under the constraints indicated on the parameters of system (1.1)— (1.3)
the bundle of trajectories {y (&t yg, 4, »)} starting from position {4, y,} and corresponding to
all possible controls ue P (4, %) and » < G (4, 9 is precompact. in € (It 9; L (Q)). Therefore, for
the fulfillment of Condition 1.1 it is sufficient that function / possess the property: for

every fixed function y & € (It 9); L, (Q)) the weak convergence of sequences {u;} and {¢} to » and v,
respectively,implies the convergence weak in 7, () of sequence {f (¢, =, y, up, 71} to f (4 z, y, u, 0} The
bundle of trajectories of system (2.1)— (2.4)is precompact inc (I, 9); #). For the fulfillment of
Condition 2.1 it is sufficient that the weak convergence of {w} and {w} to u« and ey,

respectively, imply the convergence of solutions {w [& tg wo. up, ]l to w i tg, wg, u, #]  in € (4. O];

It™y and that boundary I'e ¢* when o,=0. See /3/ on the matter of the fulfillment of con-
ditions of type 1.2 and 2.2,

20, Problem 1.1 (2.1) is solved by a strategy U° extremal, for example, to set W ) Z(w),
where Z 1is the bundle of trajectories starting from an initial position and corresponding
to all possible admissible controls & and v. Problem 1.2 (2.2) too can be solved by a
strategy V° extremal, for example, to the bundle of all motions generated by strategy Vo
solving Problem 1.2 (2.2) (see the definition of set W)

3%, If condition (2.1} is not fulfilled, then the assertion of Theorem 1.1 (2.1) re-
mains valid, but Problem 1.1 (2.1) or Problem 1.2 (2.2) is now solved by a strategy "extremal"
to a certain sequence of stable bridges inbedded one into the other /7.12/.

4°. If the bundles of trajectories of system (1l.1)— (1.3) are precompact inC = (¢, 9]; @),
then from the assertion of Theorem 1.1 follows the alternative in game 1.1—1.2, where the
distance to the set is measured in the metric induced by the metric in ®. This fact can be
proved analogously as in /6,7/. If

0y = 0y (z), e = ay (2) a(e, 0<a<<a() <X B f=hla )+ fale, y) ul+ 3 o)
where functions f1,fs and f; satisfy a Lipschitz condition in y, then under the fulfillment
of certain reqularity conditions /6,7,14,15/ the solutions of (1.1l)— (1.3) are compact in
¢ (leg, 81 @)

59, For certain classes of systems of form (1.1)— (1.3) analogous results are valid

for the case of boundary controls
ay /N + oy (@) ylg = b (@) w (0 + ¢ (@) v (1) + g (o)
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